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Abstract 
The relation between complete arcs in a finite projective space and maximum distance sepa- 
rable (MDS) codes is used to provide solutions for the Main Conjecture for MDS codes. 
1. Notation 
Fq=GF(q) 
V(k,q) 
PG(k -  1, q) 
m(r,q) 
m'(r,q) 
the finite field of q = ph elements, p prime 
vector space of k dimensions over Fq 
projective space of k -  1 dimensions over Fq 
the maximum size of an n-arc in PG(r,q) 
the size of the second largest complete n-arc in PG(r,q) 
2. Introduction 
The following three notions are equivalent for n ~>k: 
1. an n-arc in PG(k -1 ,  q), that is, a set of  n points with at most k - 1 in any 
hyperplane; 
2. a set of  n vectors in V(k,q) with any k linearly independent; 
3. a maximum distance separable code of length n, dimension k and hence minimum 
distance d = n - k + 1, that is, an [n,k,n - k + 1] code. 
Segre [21] enunciated three problems: 
I. For given k and q, what is the maximum value of n such that an n-arc exists 
in PG(k - l ,q )?  What are the n-arcs corresponding to this value of n? 
II. Are there values of  k and q with q > k such that every (q+ 1 )-arc of PG(k-1,  q) 
is a normal rational curve? 
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III. For given k and q with q > k, what are the values of n (~<q) such that each 
n-arc is contained in a normal rational curve of PG(k - l ,q )?  In how many such curves 
is the n-arc contained? 
An n-arc is complete if it is maximal with respect to inclusion, that is, it is not 
contained in an (n + 1)-arc. Implicit in Problem III is Problem IV, which may be 
enunciated as follows: 
IV. What are the values of n for which a complete n-arc exists in PG(k -1 ,  q)? In 
particular, what is the size of the second largest complete arc in PG(k - l ,q )?  
Let m(r,q) be the maximum size of an arc in PG(r,q); also, let m'(r,q) denote the 
size of the second largest complete arc in PG(r, q). Then an n-arc with n > m'(r, q) is 
contained in an m( r, q )-arc. This is an important inductive tool. 
In the next section, results on Problems I - IV  are surveyed, with particular emphasis 
on Problem I and the value m(r,q). Then a new result on m'(2,q)  following [12] is 
described. For another ecent survey, see [28]; for a survey of other similar constants, 
see [13]. 
3. Previous results 
A normal rational curve in PG(r ,q)  is any subset of  PG(r ,q)  which is projectively 
equivalent o 
{(tr, t r-I ..... t, 1)EPG(r,q) I t EGF(q ) U {co}}. 
For r = 2, it is a conic; for r = 3, it is a twisted cubic. There exists a unique normal 
rational curve through an (r + 3)-arc in PG(r ,q)  provided q>>,r + 2 [12, p. 229]. An 
arc is called rational or classical if it is a subset of a normal rational curve. 
First, in Table 1, the number of all projectively distinct complete arcs in PG(2,q) 
for q~< 13 is given. 
For q~<9, see [9]; for q = 11, see [19]; for q - -  13, see [1,8,20,2]. Then in Table 2, 
the value ofm'(2,q)  is given for 7~<q~<25. For q = 17, 19, see [4]; for q = 23,25,27, 
see [5]. 
The next is a useful result which gives simultaneous information on pairs of dimen- 
sions. 
Theorem 3.1. (i) The dual code of an MDS code is also MDS. 
(ii) An n-arc exists in PG(k - l ,q )  i f  and only if an n-arc exists in PG(n-k -1 ,q ) .  
Corollary 3.2. (i) A (q + 1)-arc exists in PG(k -  1,q) i f  and only if a (q + 1)-arc 
exists in PG(q-  k,q). 
(ii) A (q + 2)-arc exists in PG(k - 1,q) i f  and only if a (q + 2)-arc exists in 
PG(q - k ÷ 1, q). 
(iii) A (q + 3)-arc exists in PG(k - 1,q) if  and only if a (q + 3)-arc exists in 
PG(q - k + 2, q). 
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Table 1 
Complete n-arcs in PG(2,q) for q ~< 13 
q n Number of PGL(3, q)-orbits 
2 4 1 
3 4 1 
4 6 1 
5 6 1 
7 6 2 
8 1 
8 6 3 
10 1 
9 6 1 
7 1 
8 1 
10 1 
11 7 1 
8 9 
9 3 
10 1 
12 1 
13 8 2 
9 30 
10 21 
12 1 
14 1 
179 
Table 2 
The size of the second largest arc in PG(2,q) 
q 7 8 9 11 13 16 17 19 23 25 27 29 
ml(2,q) 6 6 8 10 12 13 14 14 17 21 22 24 
Theorem 3.3. (Thas [26], and Hirschfeld and Thas [14, Section 27.5]). Let an, r be the 
number of  n-arcs in PG(r,q) and let Vr be the number of normal rational curves in 
PG(r, q). Then 
an, n-2-r/an,r = Vn-2-r/Vr. 
Now the known values of m(r, q) are reviewed. First, the least interesting case can 
be settled: 
m(k- l ,q )=k+l  forq<~k. (3.1) 
The main conjecture MCk for MDS codes, always taking q > k, is the following: 
m(k-  l ,q) = {q+2q+l 
for k = 3 and k = q -  1 both with q even, 
in all other cases. 
(3.2) 
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The crucial result for approaching this conjecture is the fact that, in a certain di- 
mension, a (q + 1)-arc is a normal rational curve. 
Theorem 3.4. (Segre [10, Theorem 8.2.4]). In PG(2,q), q odd, a (q + 1)-arc is a 
conic. 
Theorem 3.5. (Casse and Glynn [14, Theorem 27.6.10]). In PG(4,q), q even, a (q+l)-  
arc is a normal rational curve. 
These two theorems imply a dependency of m(r,q) and m~(2,q) for q odd and of 
m(r,q) and m'(4,q) for q even. Define the integer functions F and G by the purely 
arithmetic onditions: 
q+l>m~(2,q)+r -2  ¢==~ q>F( r ) ,  
q+ l >m' (4 ,q )+r -4  ¢==~ q>G(r ) .  
There are two results that produce an inductive argument on dimension. 
Theorem 3.6. (Kaneta and Maruta [16]). Let o f  be an n-arc in PG(r,q) with q+ 1 >1 
n >>, r + 3 >>, 6 and suppose there exist Po, P1 E o f  and a hyperplane rc containin9 neither 
Po nor P1 such that, for  i = O, 1, the projection 3~i o f  o f  onto ~ is rational in ~. Then 
the arc of" is contained in one and only one normal rational curve in PG(r,q). 
Theorem 3.7. (Kaneta and Maruta [16]). Let o f  be a (q + 2)-arc & PG(r,q) with 
q+ 1~>r+3~>6. I f  a hyperplane ~z o f  PG(r,q) contains neither o f  the points Po, P1 
o f  ~ ,  then it cannot happen that both projections ~ii o f  o f  f rom Pi, i = O, 1, onto 
are rational in re. In particular, i f  every (q + 1)-arc in PG(r - 1, q) is rational, then 
m(r,q) = q + 1. 
These two results have as corollaries the following way of approaching solutions to 
problems I-III. 
Theorem 3.8. In PG(r,q), q odd, r/>3, 
(i) if  of  is an n-arc with n > m/(2,q) + r - 2, then o f  lies on a unique normal 
rational curve; 
(ii) /f q > F(r),  then every (q + 1)-arc is a normal rational curve; 
(iii) i f  q > F( r  - 1), then m(r,q) = q+ 1. 
Theorem 3.9. In PG(r,q), q even, q > 2, r~>4, 
(i) /f of  is an n-arc with n > m'(4, q) + r - 4, then off lies on a unique normal 
rational curve; 
( i i ) / f  q > G(r), then every (q + 1 )-arc is a normal rational curve; 
(iii) / fq  > G(r -  1), then m(r ,q )= q+ 1. 
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Now, bounds for m'(2,q) and m'(4,q) are considered. The best upper bounds known 
are given in the next result. These bounds give similar bounds for m'(r,q) in higher 
dimensions. For a historical survey, see [10]. 
Theorem 3.10. (i) m~(2,q) = q - x/~+ 1 for q = 22e, e > 1. 
25 for odd. (ii) m'(2,q)<,q - ¼x/~ + ~ q 
(iii) m'(2 ,q )~q + 8 for q prime, q > 5. 
(iv) mt(2,q)<<.q- lv/-fi-~ + ~p + l for p2e+l, p odd, e>~l. 
(v) m~(2,q)<,q - x /~ + 2 for q =22e+1, e>~l. 
Proof. (i) See [9, Theorem 10.3.3, 6]. 
(ii) See [27]. 
(iii) See [29]. 
(iv), (v) See [30]. [] 
Theorem 3.11. (Storme and Thas [25], and Hirschfeld and Thas [14, Theo- 
rem 27.7.22]). I f  q is even and q > 2, then m'(4, q) ~< q - ½ v~ ÷ ~-- 
Theorem 3.12. (Hirschfeld and Thas [14, Theorem 27.6.4] and Voloch [29]). For q 
odd, r >~ 3, 
(i) F( r )<. (4r -  ~)2, 
(ii) for q prime, F(r)<<.5(9r- 19). 
Theorem 3.13. (Storme and Thas [25], 
rem 27.7.23]). For q even, q > 2, r~>4, 
G(r)<~(2r- 7)2. 
and Hirschfeld and Thas [14, Theo- 
However, it should be noted that the classification of (q + 1 )-arcs for r >~ 4 will not 
produce a simple result. 
Theorem 3.14. (Glynn [7]). In PG(4,9), there are precisely two projectively distinct 
lO-arcs, a normal rational curve and a non-classical arc. 
The following results for q = 11 and q = 13, produced with no computer assistance, 
complete the calculation of all m(r,q) for q~< 13. 
Theorem 3.15. (Ali et al. [3]). Let q-- 11. 
(i) A k-arc in PG(3,q) with q<~k<<.q + 1 is rational. 
(ii) A (q + 1)-arc in PG(4, q) is rational. 
(iii) m(4,q) = m(5,q) = q + 1. 
Theorem 3.16. (Ali et al. [3]). Let q = 13. 
(i) A k-arc in PG(3,q) with q -  l ~k<~q+ 1 is rational. 
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(ii) A k-arc in PG(4,q) with q<<,k<~q + 1 is rational. 
(iii) A (q + 1)-arc in PG(5,q)/s rational. 
(iv) m(4, q) : m(5, q) = m(6, q) = q + 1. 
Now, we state the results for m(r,q) in terms of projective spaces. 
Theorem 3.17. 
values: 
(i) m(2,q) 
(ii) m(3,q) 
(iii) m(4, q) 
(iv) m(5,q) 
(v) m(r,q)= 
(vi) m(r,q) = 
(vii) m(r,q)= 
(viii) m(r,q)= 
(ix) m(r,q) = 
(x) m(r,q) = 
(xi) m(r,q) : 
(xii) m(r,q)= 
(xiii) 
(xiv) 
The maximum size m(r,q) of an arc in PG(r,q) has the following 
= m(q - 2,q) = q + (q,2); 
= m(q-  3,q) = q + 1 for q >4; 
= m(q-4 ,q ) - -  q+ 1 for q > 5; 
= m(6, q) = q + 1 when q is even with q > 4; 
q+ l for q odd, q~<27, 2~<r~<q-2; 
q+ l for q even, q~<16, 3~<r~<q-3; 
q + 1 when q > (4r -  ~)2 with q odd; 
q + 1 when q > 5(9r - 28) with q prime; 
q + 1 when q > (2r -  ~!)2 with q even; 
q + l when q -  3>lr > q -  ~v~-  ~6 with q odd; 
q+ l when q -  3>>.r> ~q-  ~ with q prime, q> 5; 
1 q q+ 1 when q-4>>.r > q -  ~x/~-  ~ with q even, q>4;  
m(5, q) -- q + 1 for q >1 7 except possibly for q E {23 .. . . .  83}\{32, 64}; 
m(6,q) = q+ 1 for q>>.9 except possibly for q odd, qE{29 .. . . .  127} U {169}. 
Proof. Parts (i)-(iii) were all shown in [26]; see [14, Sections 27.5 and 27.6]. This 
includes all values of m(r,q) for q~<13, apart from q = 11 and 13. For q = 11, the 
only missing values are m(5,11) and m(6,11), which are in the report [15] and in 
Theorem 3.15; for q = 13, the missing values are for r = 5,6,7,8, and these are shown 
in Theorem 3.16. Part (iv) is shown in [18]. For q = 16, 17, 19, see [4]. Parts (vii) and 
(viii) follow from Theorems 3.8 and 3.12. Part (ix) follows from Theorems 3.9 and 
3.13. Parts (x)-(xii) use the duality principle of Theorem 3.1 in the guise of Corollary 
3.2(iii) applied to parts (vii)-(ix), that is, if m(r, q) = q + 1, then m(q- r ,  q) = q + 1. 
Parts (xiii) and (xiv) apply the previous parts to r = 5 and 6. [] 
Let us restate this theorem in coding-theoretical terms. 
Theorem 3.18. The main conjecture MCk /s true for the values of k given by 
k = r + 1 of Theorem 3.17. 
4. Further results 
One of the crucial questions is to obtain better upper bounds for m'(2,q). These 
results all start from Segre's result connecting an n-arc with an algebraic envelope. 
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Theorem 4.1. The tangents to an n-arc X" in PG(2, q) belong to an algebraic envelope 
F o f  class t or 2t according as q is even or odd, where t : q + 2 - n. 
The results of Theorem 3.10 depend on estimating the number of Fq-rational elements 
of F. In the same spirit as the results of Voloch, we improve Theorem 3.10(ii) to give 
the following result. 
Theorem 4.2. (Hirschfeld and Korchm~iros [12]). For q = ph with p>~5, 
mt(2 ,q)<~q-  ½v/~ + 5. 
Corollary 4.3. For q = ph with p >15 and q > 4(r + 1)2, 
m(r,q) = q + 1. 
Corollary 4.4. For q = ph with p >t 5 and q > 4k 2, the Ma& Conjecture MCk is true. 
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